Abstract. Two general methods of constructing an infinite sequence (G = GI, G,, ......)
Introduction
The idea of graceful graphs was first introduced by Rosa1 in 1966, and the name 'graceful graphs' was given by S. W. Golomb2 who rediscovered them in 1968 as a generalization of the problem of giving a graceful numbering to an arbitrary tree whose possibility was at that time an unpublished but widely circulated conjecture, attributed to Gerhard Ringe12, but now widely known in graph theory as the Ringel-Kotzig which is stated as : 'All trees are graceful'. Golomba also gave the following practical context for the problem : 'Think of the graph G as a communication network with n terminals and e interconnections between terminals. We wish to assign a distinct identifying number to each terminal, in such a way that each interconnection is then uniquely identified by the absolute value of the difference between the numbers assined to its two end terminals. For economy, the largest number assigned to any node is to be minimized'. This is clearly the same problem as' that of finding a numbering of G. In communication network engineering this problem has now come to be known as the communication network labeling problem, and a numbering of G is called an efficient addressing and identification system5 for G. Of late, a wide variety of practical contexts, such as X-ray crystallography, radioastronomy and missile guidance, where indexed graphs are used as models, have been cited536179s30.
For standard terminology and notation in graph theory, we follow F.
HararyIo. An indexer of a graph G = (V, E) is an injection f : V(G) + N from the point set V = V (G) of G into the set N of non-negative intergers. Let IG denote the set of indexers of G. Given a gracefully numbered graph (G, f), we shall show in this section that the join'" E n + Gf is graceful for all n > 1, where Gf is the full augmentation of G as defined in Section 2.
Theorem 3.1 Let (G, f ) be a gracefully numbered (p, q) graph and let Gf be its full augmentation. Then for any integer n >, 1, the graph En + Gf is graceful.
Proof: Let the points of Kn be labeled x,, . . ., x, and let the points of Gf be labeled a ,,..., a*, b,, ..., b, where a,, ..., a, are the p points of G and b,, . .., bm are the m = m(G) isolates adjoined to G. Let the numbers assigned to the points b,, ..., b, be k,, . . ., k, respectively. Then define an assignment F of nonnegative integers to the points of K,,, + Gf as follows :
It is not hard to see that F is a graceful numbering of KS, + G,. 11
The numbering F defined in Eqn. 6 is displayed on K, + (K,), in Fig. 3 where (K4)t is the full augmentation of K, shown in Fig. 2(b) . 
Method of Recursively Joining the Trivial Graph
Let (G, f ) be a gracefully numbered (p, q) graph and Gf, denote its full augmentation.
Then the graph Kl + Gtl becomes a gracefully numbered graph, if we assjgn the integer q + (q + 1) = 29 + 1 to the point of Kl. Let the full augmentation of this new gracefully numbered graph be denoted Gf,. Again, the graph Kl + Gf2 becomes a gracefully numbered graph, if we assign the integer 2q i-1 + (29 + 1 + 1) = 49 + 3 to the new point adjoined to Gt, (i.e. the point of K,). We may continue this procedure indefinitely. For any integer i ) 2, define Gfi to be the full augmentation of the gracefully numbered graph Kl + Gs,-, in which the point of Kl is assigned the number 2Gs {q(G) + 1) -1 which is the number of lines in Kl + Gf,-,. The following theorem gives the Euclidean model of K, + Gt,, described above. Theorem 4.1. Let (G, f ) be a gracefully numbered (p, q) graph and Gr, be its full augmentation. Then for each i ) 2, the gracefully numbered graph K, -I-Gr, , described above has for its nodes the first 2f-2{q(G) + 1) -1 integral points on the This theorem is illusiracted in Fig. 5 taking a gracefully numbered Pa (the path of length 2) and setting i = 3.
Conclusion
Given a gracefully numbered connected graceful graph G, we have given two methods of constructing an infinite sequence (G = GI, G,, . . .) of gracefully numbered connected graceful graphs Gi such that Gi is contained in Gi+, as an induced subgraph, i = 1,2,. . . .
In view of Theorem 1.2, even if G is non-graceful, we can obtain an infinite sequence (H = GI, G,, ...) of gracefully numbered graphs Gi with the said property by any one of the two methods described, where H contains G as an induced subgraph.
